Abstract. After introducing g-frames and fusion frames by Sun and Casazza, combining these frames together is an interesting topic for research. In this paper, we introduce the generalized fusion frames or g-fusion frames for Hilbert spaces and give characterizations of these frames from the viewpoint of closed range and g-fusion frame sequences. Also, the canonical dual g-fusion frames are presented and we introduce Parseval g-fusion frames.
Introduction
During the past few years, the theory of frames have been growing rapidly and new topics about them are discovered almost every year. For example, generalized frames (or g-frames), subspaces of frames (or fusion frames), continuous frames (or c-frames), k-frames, controlled frames and the combination of each two of them, lead to c-fusion frames, g-c-frames, c-g-frames, ck-frames, ck-fusion frames and etc. The purpose of this paper is to introduce and review some of the generalized fusion frames (or g-fusion frames) and their operators. Then, we will get some useful propositions about these frames and finally, we will study g-fusion frame sequences.
Throughout this paper, H and K are separable Hilbert spaces and B(H, K) is the collection of all the bounded linear operators of H into K. If K = H, then B(H, H) will be denoted by B(H). Also, π V is the orthogonal projection from H onto a closed subspace V ⊂ H and {H j } j∈J is a sequence of Hilbert spaces where J is a subset of Z. It is easy to check that if u ∈ B(H) is an invertible operator, then ( [11] ) π uV uπ V = uπ V .
Definition 1. (frame).
Let {f j } j∈J be a sequence of members of H. We say that {f j } j∈J is a frame for H if there exists 0 < A ≤ B < ∞ such that for each f ∈ H A f 2 ≤ j∈J | f, f j | 2 ≤ B f 2 .
Definition 2. (g-frame)
A family {Λ j ∈ B(H, H j )} j∈J is called a g-frame for H with respect to {H j } j∈J , if there exist 0 < A ≤ B < ∞ such that
Definition 3. (fusion frame). Let {W j } j∈J be a family of closed subspaces of H and {v j } j∈J be a family of weights (i.e. v j > 0 for any j ∈ J). We say that (W j , v j ) is a fusion frame for H if there exists 0 < A ≤ B < ∞ such that for each
If an operator u has closed range, then there exists a right-inverse operator u † (pseudo-inverse of u) in the following sences (see [6] ). Lemma 1. Let u ∈ B(K, H) be a bounded operator with closed range R u . Then there exists a bounded operator u † ∈ B(H, K) for which
Lemma 2. Let u ∈ B(K, H). Then the following assertions holds:
Generalized Fusion Frames and Their Operators
We define the space H 2 := ( j∈J ⊕H j ) ℓ 2 by
with the inner product defined by
It is clear that H 2 is a Hilbert space with pointwise operations. Definition 4. Let W = {W j } j∈J be a family of closed subspaces of H, {v j } j∈J be a family of weights, i.e. v j > 0 and Λ j ∈ B(H, H j ) for each j ∈ J. We say Λ := (W j , Λ j , v j ) is a generalized fusion frame (or g-fusion frame ) for H if there exists 0 < A ≤ B < ∞ such that for each
We call Λ a Parseval g-fusion frame if A = B = 1. When the right hand of (3) holds, Λ is called a g-fusion Bessel sequence for H with bound B. If H j = H for all j ∈ J and Λ j = I H , then we get the fusion frame (W j , v j ) for H. Throughout this paper, Λ will be a triple (W j , Λ j , v j ) with j ∈ J unless otherwise stated. Proposition 1. Let Λ be a g-fusion Bessel sequence for H with bound B. Then for each sequence {f j } j∈J ∈ H 2 , the series j∈J v j π W j Λ * j f j converges unconditionally.
Proof. Let I be a finite subset of J, then
and it follows that j∈J v j π W j Λ * j f j is unconditionally convergent in H (see [7] page 58). Now, we can define the synthesis operator by Proposition 1.
Definition 5. Let Λ be a g-fusion frame for H. Then, the synthesis operator for Λ is the operator
We say the adjoint T * Λ of the synthesis operator the analysis operator and it is defined by the following Proposition. Proposition 2. Let Λ be a g-fusion frame for H. Then, the analysis operator
Theorem 2.1. The following assertions are equivalent:
(1) Λ is a g-fusion Bessel sequence for H with bound B.
(2) The operator
is a well-defined and bounded operator with
. Suppose that T Λ is a well-defined and bounded operator with T λ ≤ √ B. Let I be a finite subset of J and f ∈ H. Therefore
Thus, we conclude that
(
We define
Then, T is well-defined. Let for each n ∈ N,
{T n } is a sequence of bounded linear operators which converges pointwise to T . Hence, by the Banach-Steinhaus Theorem, T is a bounded operator with T ≤ lim inf T n . So, by Theorem 2.1, Λ is a g-fusion Bessel sequence for H.
Corollary 1. Λ is a g-fusion Bessel sequence for H with bound B if and only if for each finite subset
Proof. It is an immediate consequence of Theorem 2.1 and the proof of Proposition 1.
Let Λ be a g-fusion frame for H. The g-fusion frame operator is defined by
Therefore, AI ≤ S Λ ≤ BI. This means that S Λ is a bounded, positive and invertible operator (with adjoint inverse). So, we have the reconstruction formula for any f ∈ H: 
This implies that
f 2 = f, f = j∈J v 2 j S − 1 2 Λ π W j Λ * j Λ j π W j S − 1 2 Λ f, f = j∈J v 2 j Λ j π W j S − 1 2 Λ f 2 = j∈J v 2 j Λ j π W j S − 1 2 Λ π S − 1 2 Λ W j f 2 , this means that (S − 1 2 Λ W j , Λ j π W j S − 1 2 Λ , v j ) is a Parseval g-fusion frame.
Theorem 2.2. Λ is a g-fusion frame for H if and only if
is a well-defined, bounded and surjective.
Proof. If Λ is a g-fusion frame for H, the operator S Λ is invertible. Thus, T Λ is surjective. Conversely, let T Λ be a well-defined, bounded and surjective. Then, by Theorem 2.1, Λ is a g-fusion Bessel sequence for H. So,
Therefore, Λ is a g-fusion frame for H with lower g-fusion frame bound T † −2 and upper g-fusion frame T Λ 2 .
Theorem 2.3. Λ is a g-fusion frame for H if and only if the operator
Proof. The necessity of the statement is clear. Let S Λ be a well-defined, bounded and surjective operator.
thus, S Λ is injective. Therefore, S Λ is invertible. Thus, 0 / ∈ σ(S Λ ). Let C := inf f =1 S Λ f, f . By Proposition 70.8 in [13] , we have C ∈ σ(S Λ ). So C > 0. Now, we can write for each
It follows that Λ is a g-fusion frame for H. Proof. For each f ∈ H we have
This means that Λ is a g-fusion frame for H. Similarly, Θ is a g-fusion frame with the lower bound B −1 1 .
Dual g-Fusion Frames
For definition of the dual g-fusion frames, we need the following theorem.
Proof. Let A, B be the g-fusion frame bounds of Λ and f ∈ H, then
Now, to get the lower bound, by using (4) we can write
Now, by Theorem 3.1,Λ = (S
is a g-fusion frame for H. Then,Λ is called the (canonical) dual g-fusion frame of Λ. Let SΛ = TΛT * Λ is the g-fusion frame operator ofΛ. Then, for each f ∈ H we get
Λ and by (4), we get for each
The following Theorem shows that the canonical dual g-fusion frame gives rise to expansion coefficients with the minimal norm.
Theorem 3.2. Let Λ be a g-fusion frame with canonical dualΛ. For each
Proof. We can write again
and the proof completes.
Gf-Complete and g-Fusion Frame Sequences
Definition 6. We say that (W j , Λ j ) is gf-complete , if span{π W j Λ * j H j } = H. Now, it is easy to check that (W j , Λ j ) is gf-complete if and only if
Since Λ is a g-fusion frame for H, then f = 0. Thus f = 0 and we get (span{π W j Λ * j H j }) ⊥ = {0}. In the following, we want to check that if a member is removed from a g-fusion frame, will the new set remain a g-fusion frame or not?
Proof. (1) . Since π W j 0 Λ * j 0 g 0 ∈ H, then by (5),
Then, by Theorem 3.2, we have
Consequently,
and we getΛ j πW
Now, the conclusion follows from (1). (3).
Using (5), we have for any f ∈ H
On the other hand, we can write
where,B is the upper bound ofΛ. Now, by (6), we have
Therefore, there is a number C > 0 such that
and we conclude for each 
Proof. First, suppose that Λ is a g-fusion frame. By Proposition 3, (I) is satisfied. By Theorem 2.1, T Λ is a well-defined from H 2 into H and T Λ 2 ≤ B. Now, the right-hand inequality in (7) is proved. By Theorem 2.2, T Λ is surjective. So, R T * Λ is closed. Thus
This implies that
and (II) is proved. Conversely, Let (W j , Λ j ) be gf-complete and inequality (7) is satisfied. Let {t j } j∈J = {f j } j∈J + {g j } j∈J , where {f j } j∈J ∈ N T Λ and {g j } j∈J ∈ N ⊥ T Λ . We get
Thus, Λ is a g-fusion Bessel sequence. Assume that {y n } is a sequence of members of R T Λ such that y n → y for some y ∈ H. So, there is a {x n } ∈ N T Λ such that T Λ {x n } = y n . By (7), we obtain
Therefore, {x n } is a Cauchy sequence in H 2 . Therefore {x n } converges to some x ∈ H 2 , which by continuity of T Λ , we have
By Lemma 2 (4),
and suppose that g j ∈ H j and I ⊆ J be finite. We can write
Thus, by Corollary 1, Λ is a g-fusion Bessel sequence for H. Therefore, T Λ is well-defined and bounded. Furthermore, if the range of the map (8) is closed, the same is true for T Λ . So, by Theorem 4.3, Λ is a g-fusion frame sequence.
g-fusion frame sequence Then, it is a g-fusion frame for H if and only if the map
from H onto a closed subspace of H 2 be injective.
Proof. Suppose that the map (9) is injective and v j Λ j π W j f = 0 for all j ∈ J. Then, the value of the map at f is zero. So, f = 0. This means that (W j , Λ j ) is gf-complete. Since, Λ is a g-fusion frame sequence, so, it is a g-fusion frame for H. The converse is evident. Proof. Assume that Γ is a g-fusion frame sequence. So, by Theorem 4.3, T Λu * is a well-defined operator from H 2 into H with closed range. If {f j } j∈J ∈ H 2 , then
therefore uT Λ = T Λu * . Thus uT Λ has closed range too. Let y ∈ R u , then there is x ∈ H such that u(x) = y. By Theorem 2.2, T Λ is surjective, so there exist {f j } j∈J ∈ H 2 such that y = u(T Λ {f j } j∈J ).
Thus, R u = R uT Λ and u has closed range. For the opposite implication, let
Hence, T Λu * = uT Λ . Since, T Λ is surjective, so T Λu * has closed range and by Theorem 2.1, is well-defined. Therefore, by Theorem 4.3, the proof is completed.
Conclusions
In this paper, we could transfer some common properties in general frames to g-fusion frames with the definition of the g-fusion frames and their operators. Afterward, we reviewed a basic theorem about deleting a member in Theorem 4.1 with the definition of the dual g-fusion frames and the gfcompleteness. In this theorem, the defined operator in part 3 could be replaced by some other operators which are the same as the parts 1 and 2 ; this is an open problem at the moment. Eventually, the g-fusion frame sequences and their relationship with the closed range operators were defined and presented.
